Abstract. We solve the problem of extension of characters of commutative subalgebras in associative (non-commutative) algebras for Galois orders in skew group rings. Our results generalize the case of integral extensions of commutative rings. We believe that proposed approach will have a strong impact on the representation theory of many infinite dimensional algebras including generalized Weyl algebras, universal enveloping algebras of reductive Lie algebras, their quantizations, Yangians etc.
The functors of restriction onto subalgebras and induction from subalgebras are important tools in the representation theory. The choice of a subalgebra is essential in order to have an effective representation theory. A classical example is provided by an integral extension A ⊂ B of two commutative rings which induces a map ϕ : Spec B → Spec A, whose fibers are non-empty for every point of Spec A (e.g. A = B G , where G is a finite subgroup of the automorphism group of B). In particular, every character of A can be extended to a character of any its integral extension B. Moreover, if B is finite over A then all fibers ϕ −1 (I), I ∈ Spec A are finite, and hence, the number of extensions of a character of A is finite. The Hilbert-Noether theorem provides an example of such situation with B being the symmetric algebra on a finite-dimensional vector space V and A = B G , where G is a finite subgroup of GL(V ).
The primary goal of this paper is to generalize these results to "semicommutative" pairs Γ ⊂ U where U is an associative (noncommutative) algebra over a base field k and Γ is an integral domain. The canonical embedding Γ ⊂ U induces a functor from the category of U-modules which are direct sums of finite dimensional Γ-modules (Harish-Chandra modules with respect to Γ) to the category of Γ-modules. This functor induces a "multi-valued function" from Specm Γ to the set of left maximal ideals of U, associating to an ideal m ∈ Specm Γ the simple factors of U/Um, the fiber of m. Our goal is to find natural sufficient conditions for the fibers to be non-empty and finite for any point in Specm Γ. A motivation for the study of such pairs comes from the representation theory of algebras and from noncommutative geometry, whose algebraic part studies the structure of certain noncommutative rings. The case when U is the universal enveloping algebra of a reductive finite dimensional Lie algebra and Γ is the universal enveloping algebra of a Cartan subalgebra leads to the theory of Harish-Chandra modules with respect to this Cartan algebra, commonly known as generalized weight modules. Last example arises also in the classical framework of Harish-Chandra modules for a pair of a reductive Lie algebra F and its reductive subalgebra F ′ , where U and Γ are their universal enveloping algebras respectively. This is as far as the analogy between our setting and the classical theory goes, since even in the case U = U(F ) we concentrate on a choice of commutative Γ (in fact maximal commutative, hence excluding U(H)). Another example is given by the Gelfand-Tsetlin modules that were studied in [DFO1] . This class is based on a natural generalization of Gelfand-Tsetlin basis for finite-dimensional representations of simple classical Lie algebras [GTs] , [Zh] , [M] . Gelfand-Tsetlin modules over the universal enveloping algebra U are Harish-Chandra modules with respect to its Gelfand-Tsetlin subalgebra Γ. Such pairs (U, Γ) were considered in [FM] in connection with the solutions of the Euler equation, in [Vi] in connection with subalgebras of maximal Gelfand-Kirillov dimension in the universal enveloping algebra of a simple Lie algebra, in [KW1] , [KW2] in connection with classical mechanics, and also in [Gr] in connection with general hypergeometric functions on the Lie group GL(n, C). A similar approach was used by Okunkov and Vershik in their study of the representations of the symmetric group S n [OV] , with U being the group algebra of S n and Γ being the maximal commutative subalgebra generated by the Jucys-Murphy elements
The elements of Specm Γ parametrize irreducible representations of U. Another recent advance in the representation theory of Yangians ( [FMO] ) is also based on similar techniques. What is the intrinsic reason of the existence of Gelfand-Tsetlin formulae and of the successful study of Gelfand-Tsetlin representations of various classes of algebras? This question led us to the introduction in [FO1] of concepts of Galois orders and integral Galois orders in invariant skew (semi)group rings. A Galois order U over an integral domain Γ is a finitely generated over Γ subring in the invariants (L * M)
, W ∩ U is a finitely generated right (respectively left) Γ-module. A Galois order is integral if it is both right and left integral ([FO1] ).
A class of Galois orders includes in particular the following subalgebras in the corresponding skew group rings ( [FO1] ): Generalized Weyl algebras over integral domains with infinite order automorphisms, e.g. n-th Weyl algebra A n , quantum plane, q-deformed Heisenberg algebra, quantized Weyl algebras, Witten-Woronowicz algebra among the others [Ba] , [BavO] ; the universal enveloping algebras of the full linear Lie algebras over the Gelfand-Tsetlin subalgebra; restricted Yangians Y p (gl 2 ) for gl 2 over its Gelfand-Tsetlin subalgebras [FMO] , certain rings of invariant differential operators on torus.
In this paper we develop a representation theory of Galois orders, in particular we solve the problem of the finiteness and nontriviality of the fiber of any character for integral Galois orders. We emphasize that the theory of Galois orders unifies the representation theories of universal enveloping algebras and generalized Weyl algebras.
Let L Specm U denote the set of left maximal ideals of U.
can be viewed as a partially defined multivalued function). The set φ * (m) will be called the fiber of m. Our first main result is the following Theorem A. Let U be a right integral Galois order over an integral domain Γ. Then the fiber φ * (m) is non-empty for any m ∈ Specm Γ.
Our second main result gives sufficient conditions for the fibers φ * (m) to be finite. For m ∈ Specm Γ denote by St M (m) the stabilizer of m in M.
Theorem B. Let Γ be an integral domain which is finitely generated as a k-algebra, U a integral Galois order over Γ. If St M (m) is finite then the fiber φ * (m) is finite.
These two theorems guarantee that a class of integral Galois orders over Γ has a "nice" theory of Harish-Chandra modules (cf. Section 5.3), namely, for any m ∈ Specm Γ with finite St M (m) there are finitely many isomorphism classes of simple Harish-Chandra modules parametrized by m (e.g. this number is limited by 1!2! . . . (n − 1)! for gl n ). The following result shows that generic maximal ideals of Γ parametrize the corresponding simple HarishChandra U-modules.
Theorem C. Let M be a group, Γ a noetherian normal k-algebra, U a integral Galois order over Γ. Then there exists a massive subset W ⊂ Specm Γ such that for any m ∈ W , |φ * (m)| = 1 and hence there exists a unique simple U-module L m whose support contains m. Moreover, the extension category generated by L m contains all indecomposable modules whose support contains m and is equivalent to the categoryΓ m − mod of modules over the completion of Γ with respect to m.
In Section 5 we establish sufficient conditions under which a block of a Harish-Chandra category contains a finite number of non-isomorphic simple modules (Corollary 5.3). As an application of the developed theory we obtain the following version of the Harish-Chandra theorem for Galois rings.
Theorem D. Let M be a group, Γ a noetherian normal k-algebra, U an integral Galois order over Γ. Then for any nonzero u ∈ U there exists a massive set of non-isomorphic simple Harish-Chandra U-modules on which u acts nontrivially.
Preliminary version of this paper was published in the preprint form ( [FO2] ).
Preliminaries
All fields in the paper contain the base field k, which is algebraically closed of characteristic 0. All algebras in the paper are k-algebras. If K is a field thenK will denote the algebraic closure of K. If A is an associative ring then by A − mod we denote the category of finitely generated left Amodules. Let C be a k-category, i.e. all Hom C -sets are endowed with a structure of a k-vector space and all the compositions are k-bilinear. The category of C-modules C − Mod is defined as the category of k-linear functors M : C −→ k − Mod, where k − Mod is the category of k-vector spaces. The category of finitely generated C-modules we denote by C − mod.
2.1. Integral extensions. Let A be an integral domain, K its field of fractions andÃ the integral closure of A in K. The ring A is called normal if A =Ã. The following is standard Proposition 2.1. Let A be a normal noetherian ring, K ⊂ L a finite Galois extension,Ā is the integral closure of A in L. ThenĀ is a finite A-module.
Corollary 2.1.
• IfÃ is noetherian thenĀ is finite overÃ.
• If A is a finitely generated k-algebra thenĀ is finite over A. In particular,Ã is finite over A.
Denote by Specm A (Spec A) the space of maximal (prime) ideals in A, endowed with Zarisky topology. Let ı : A ֒→ B be an integral extension. Then it induces a surjective map Specm B → Specm A (Spec B −→ Spec A). In particular, for any character χ : A → k there exists a characterχ : B → k such thatχ| A = χ. If, in addition, B is finite over A, i.e. finitely generated as an A-module, then the number of different characters of B which correspond to the same character of A, is finite. Hence we have in particular Corollary 2.2. If A is a finitely generated k-algebra then for any character χ : A → k there exists finitely many charactersχ :Ā → k such thatχ| A = χ.
2.2. Skew (semi)group rings. Let R be a ring, M a semigroup and f : M −→ Aut(R) a homomorphism. Then M acts naturally on R: r g = f (g)(r) for g ∈ M, r ∈ R. The skew semigroup ring, R * M, associated with this action, is a free left R-module with a basis M and with the multiplication
If x ∈ R * M and m ∈ M then denote by x m the element in R such that
If a finite group G acts by automorphisms on R and by conjugations on M then G acts on R * M. Denote by R * M G the invariants under this action.
For ϕ ∈ Aut R and a ∈ R set H ϕ = {h ∈ G|ϕ h = ϕ} and
Clearly,
and [aϕ] 
2.3. Galois orders. For the rest of the paper we assume that Γ is a commutative domain, K the field of fractions of Γ, K ⊂ L a finite Galois extension,
Assume that G belongs to the normalizer of M in Aut L and for m 1 , m 2 ∈ M their double G-cosets coincide if and only if
G will always be considered with a fixed embedding i : Γ → U.
Proposition 2.2. Let M be a separating monoid with respect to K. Then
(2) For any m ∈ M, m = e there exists γ ∈ K such that γ m = γ. (2), (3) are equivalent and imply that M is separating.
Remark 2.1. We will always assume that M ⊂ Aut L is a separating monoid on which G acts by conjugations. Let U be a Galois order over Γ.
In particular it shows that for every m ∈ M, U contains the elements
Hm . Let e ∈ M be the unit element and U e = U ∩ Le.
2.4. Integral Galois orders. In this section we recall the basic properties of integral Galois orders following [FO1] . For simplicity we only consider right integral Galois orders. Let M be a right Γ-submodule in a Galois ring U. Set
We have the following characterization of integral Galois rings. In particular, if U is right integral then Γ ⊂ U e is an integral extension and U e is a normal ring
(2) Let U be a right integral Galois order over Γ, m ∈ Specm Γ. Then Um = U, or equivalently U ⊗ Γ Γ/m = 0.
2.5. Harish-Chandra subalgebras. Recall that a commutative subalgebra Γ ⊂ U is called a Harish-Chandra subalgebra in U if ΓuΓ is finitely generated both as a left and as a right Γ-module for any
Harish-Chandra subalgebras of Galois algebras have the following characterization.
Proposition 2.4. ([FO1]
, Corollary 5.2) Let Γ be a noetherian k-algebra without zero divisors and U a integral Galois order over Γ. Then Γ is a Harish-Chandra subalgebra in U.
Similarly we define f
, Theorem 5.1) Let U be a Galois order over a noetherian Harish-Chandra subalgebra Γ. Then the following statements are equivalent.
(1) U is right (respectively left) integral Galois order.
(2) U(S) is finitely generated right (respectively left) Γ-module for any finite G-invariant S ⊂ M.
(3) U(G·m) is finitely generated right (respectively left) Γ-module for any m ∈ M.
G is a Galois order over a noetherian Γ and M is a group.
(1) If U e is integral extension of Γ and m −1 (Γ) ⊂Γ (respectively m(Γ) ⊂ Γ), then U is right (respectively left) integral Galois order.
(2) If U e is integral extension of Γ and Γ is a Harish-Chandra subalgebra in U, then U is order.
3. Harish-Chandra categories 3.1. Harish-Chandra modules. In the next two subsection we recall some results from [DFO2] ) in the convenient for us form. A module M ∈ U − mod is called Harish-Chandra module (with respect to Γ) provided that M| Γ is a direct sum of finite dimensional Γ-modules Suppose that Γ is a Harish-Chandra subalgebra in the algebra U. For a ∈ U let
Note that the set X a (m) is finite for any a ∈ U. Denote by ∆ the minimal equivalence on Specm Γ containing all X a , a ∈ U and by ∆(U, Γ) the set of the ∆−equivalence classes on Specm Γ. Then for any a ∈ U and m ∈ Specm Γ holds
If X is a finite-dimensional Γ−module then U ⊗ Γ X is a Harish-Chandra module.
Proof. It is enough to prove that every exact sequence (8) splits as a sequence of Γ-modules, thus without loss of generality we can assume
3.2. A realization of Harish-Chandra modules. We again assume that Γ is a Harish-Chandra subalgebra in U. Define a category A = A U,Γ with objects Ob A = Specm Γ and the space of morphisms from m to n being The category A is endowed with the topology of the inverse limit and the category of k − mod is endowed with the discrete topology. Consider the category A − mod d of continuous functors M : A−→k − mod (discrete modules). For a discrete A−module N define a Harish-Chandra U−module (10)
where a n is the image of a in A(m, n).
Hence we have a functor Moreover the functor F induced a functorial isomorphism
The subalgebra Γ is called big in m ∈ Specm Γ if A(m, m) is finitely generated as Γ m −module. The importance of this concept is described in the following statement. 
M(m)
be a Harish-Chandra module. The action of u m,n on M is described in the next lemma.
Proof. Condition n ∈ X u (m) holds if and only if ΓuGa = nuΓ + Γum, equivalently, u ∈ nuΓ + Γum. But then u ∈ n n uΓ + Γum m for every m, n > 0 and hence u m,n = 0. On other hand in this case π n m u = 0 by (7). By the Chinese remainder theorem, there exists a sequence γ n ∈ Γ, n ≥ 1, such that γ n ≡ 1(mod n n ), γ n ≡ 0(mod l n ) for any l ∈ X u (m), l = n. Then in A(m, n) holds lim Proposition 3.1. If u ∈ U, u = 0 and m, n ∈ Specm Γ are such that n ∈ π((supp u) · π −1 (m)), then the image of u in A(m, n) is nonzero.
Proof. There is enough to prove that the image of some
in A(m, n) is nonzero. Following Lemma 2.3, (3) we can assume u = [aϕ]. It is enough to construct a Harish-Chandra module M such that u · M = 0. Set
the Krull intersection theorem ( [Mat] , Theorem 8.10, (ii)) for some t holds a ∈ m t N, and hence the class of [aϕ] is nonzero in M = N/m t N.
Lemma 3.5. Let M be a finitely generated right Γ-module. Then the set of m ∈ Specm Γ such that Tor A non-empty set X ⊂ Specm Γ is called massive, provided that X contains an intersection of countable many dense open subsets. If k is uncountable then X is dense in Specm Γ.
Proposition 3.2. For every u ∈ U, u = 0 there exists a massive set Ω u ⊂ Specm Γ such that for every m ∈ Ω u the imageū of u in U/Um is nonzero.
Proof. Fix m ∈ Specm Γ and let N = uΓ ≃ Γ. Thenū = 0 if and only if 
Representations in general position
Here we show, that for any Galois order there exists a "large" set of m ∈ Specm Γ, such that the character χ = χ m extends to a simple U-module.
Let U χ = U/(Um χ ). We call U χ the universal module generated by a χ-eigenvector. If Γ is a Harish-Chandra subalgebra then U χ ∈ H(U, Γ). In general U χ could be zero.
Let Γ 0 be the algebra generated by
The group G acts on L and the orbits of this action are in the canonical bijection with Specm Γ S for some multiplicative set S. Since Γ ⊂Γ 0 we can write γ(ℓ) instead of γ(π 0 (ℓ)) for γ ∈ Γ and ℓ ∈ L. If ϕ ∈ AutΓ 0 and γ ∈ Γ, then γ ϕ (ℓ) = γ(ϕ −1 · ℓ). Let A M be the set of all a m , where m ∈ M and [aϕ] runs all standard generators of U. Denote by Λ 1 an algebra generated overΓ 0 by A M , and let Λ 2 be an algebra generated over Λ 1 by all
By L r ⊂ L denote the set of ℓ, such that M acts on ℓ freely and M·ℓ∩G·ℓ consists just of ℓ (in terms of 5.1 for m = π 0 (ℓ) ∈ Specm Γ holds S(m, m) = {e}) and Ω r = π 0 (L r )).
The following standard fact is obvious. 
Since L is irreducible, we conclude that L(m, g) = L for some g ∈ G, and hence m = g. This is impossible, since M is separating (Remark 2.1). But ∪ m∈M,m =e X m is the complement of Ω r in L and L r is massive. The sets Ω i , i = 1, 2, r, are massive by Lemma 4.1.
The following useful fact is obvious.
Lemma 4.3. LetΓ be the integral closure on Γ in L, m 1 , m 2 ∈ SpecmΓ belong to different orbits of G, then there exists γ ∈ Γ, such that γ(m 1 ) = γ(m 2 ), in other words Γ distinguishes the orbits of G.
Theorem 4.1. Suppose that the field k is uncountable.
(1) There exists a massive subset X 1 ⊂ Specm Γ, such that for every χ ∈ X 1 , U χ is nonzero Harish-Chandra module and supp U χ ⊂ O m , where χ = χ m and O m = M · m.
(2) If M is a group, then there exists a massive set X 2 ⊂ X 1 , such that for any χ ∈ X 2 the module U χ is a unique O m -graded irreducible Umodule generated by a χ-eigenvector and supp U χ = O m .
(3) If M is a group and M · Γ ⊂Γ, then there exists a massive set X r ⊂ X 2 , such that for any χ ∈ X r , U χ is irreducible weight U-module with 1-dimensional components. In this case there is a canonical isomorphism of k-vector spaces kM ≃ U χ .
Proof. A skew semigroup algebra Λ 1 * M ⊂ L * M contains the Galois order U.
, as a k-vector space, wherem = Ker χ. Let X 1 = Ω 1 . Since the restriction of M(χ) on U is nontrivial then for every χ ∈ X 1 , U χ = 0. Clearly, U χ is a Harish-Chandra module. Moreover, since U χ is Specm Lgraded, it has an irreducible quotient with a nonzero χ-eigenvector. This implies (1). Assume now that M is a group and set X 2 = Ω 2 . Let χ ∈ X 2 and Z = h∈M [x h h] is a generator of U. By assumption, for every n ∈ M · m holds x h (n) = 0, hence every component of U χ , χ = χ m , generates the whole U χ . Therefore, U χ is irreducible as O m -graded U-module. Moreover, since U χ is the universal module generated by a χ-eigenvector, it is a unique such graded irreducible module, implying statement (2). Note that if M acts on m with a nontrivial stabilizer then U χ is not irreducible. Suppose now that M · Γ ⊂Γ.
Then Ω r is massive by Lemma 4.2. Consider a subset X r = X 2 ∩ Ω r . Since Γ distinguishes the components by Lemma 4.3, it implies the irreducibility of U χ for any χ ∈ X r . The basis elements of U χ in this case are labeled by the elements of kM which completes the proof of (3).
Representations of integral Galois orders
5.1. Extension of characters for integral Galois orders. We are now in the position to prove Theorem A stated in the Introduction. Let U be a right integral Galois order over Γ. Consider an arbitrary character χ : Γ → k and let m = Ker χ ∈ Specm Γ. Then by Lemma 2.2, (2) the module U/Um is nonzero. Denote by v the image of 1 in U/Um. Then mv = 0 which defines a gradation on U/Um by Specm Γ. Any non-zero graded simple quotient of U/Um satisfies the theorem. Therefore, there exists a simple U-module M extending the character χ and proving Theorem A. Of course, the property of a Galois order to be right integral is not a necessary condition to guarantee an extension of an arbitrary character of Γ to a Umodule. On the other hand we have the following Lemma 5.1. Let U ⊂ L * M be a Galois order over a noetherian Γ. If every character χ : Γ −→ k extends to a representation of U then U e ⊂Γ ∩ K. If in addition M is a group and Γ is a Harish-Chandra subalgebra then U is integral Galois order.
Proof. If χ extends to a representation of U, then it extends to a representation of U e ⊂ K in particular. It implies that U e belongs to the integral closure of Γ in K. The second statement follows immediately from Theorem 2.3.
The following corollary gives a module-theoretic characterization of left and right integral Galois orders.
Corollary 5.1. Let U be a Galois order with respect to a noetherian algebra Γ, M a group and m −1 (Γ) ⊂Γ (m(Γ) ⊂Γ) for any m ∈ M. Then every character χ : Γ → k extends to a simple left (right) U-module if and only if U is right (left) integral Galois order.
Harish-Chandra modules over integral Galois orders.
5.2.1. Finiteness statements for the category A. We assume that Γ is a normal domain noetherian over k and U is an integral Galois order over Γ. In particular, Γ =Γ = U e andΓ is finite over Γ by Corollary 2.1. Also Γ is a Harish-Chandra subalgebra by Proposition 2.3. If ℓ ∈ SpecmΓ projects to m ∈ Specm Γ then we will write ℓ = ℓ m and say that ℓ m is lying over m. Let ℓ m and ℓ n be some maximal ideals ofΓ lying over m and n respectively. Note that given m ∈ Specm Γ the number of different ℓ m is finite due to Corollary 2.2. Denote by S(m, n) the following G-invariant subset in M
Obviously this definition does not depend on the choice of ℓ m and ℓ n .
Theorem 5.1. Let U be a Galois order over a Harish-Chandra subalgebra Γ. Then for any m, n ∈ Specm Γ such that S = S(m, n) is finite, theΓ n −Γ mbimodule A(m, n) (see (9)) is finitely generated. Moreover, A(m, n) coincides with the image of U(S) in A.
The proof of the theorem is based on the following lemma.
Proof. Fix u ∈ U and denote T = supp u \ S. If T = ∅ then u ∈ U(S). Let T = ∅. We show by induction in k, that there exists u k ∈ U(S), such that
Since ℓ t m and ℓ n belong to different G-orbits if t ∈ S, then by Lemma 4.3 there exists f ∈ Γ such that f (ℓ n ) = f (ℓ t m ) for every t ∈ T . Without loss of generality we can assume that
Then u 1 belongs to u + nuΓ + Γum and, hence, u ∈ u 1 + nuΓ + Γum. Moreover, u 1 ∈ U(S) by Lemma 2.3, (1). We prove the induction step k ⇒ k + 1. Writing in (12) the expression for u in the right hand side we obtain
that finishes the proof of the induction step, since
In the assumptions of Theorem 5.1 we have
Since U(S) is a noetherian Γ-bimodule by Theorem 2.2, the generators of U(S) as a Γ-bimodule generate any U(S)/(n n U + Um m ) ∩ U(S) as a Γ-bimodule, and hence generate A(m, n) asΓ n −Γ m -bimodule. This completes the proof of Theorem 5.1.
Given ℓ m ∈ SpecmΓ denote by St M (m) ⊂ M the stabilizer of ℓ m as a set. This "stabilizer of m" is independent of the choice of ℓ m .
Lemma 5.3. Let m ∈ Specm Γ and M is a group. Then
(1) | St M (m)| < ∞ if and only if for any n ∈ Specm Γ both S(m, n) and S(n, m) are finite.
(2) If in this case if at least one of S(m, n), S(n, m) is nonempty, then
Proof. S(m, n) is infinite if and only if there exists infinitely many m ∈ M, such that gℓ n = mℓ m for some (fixed) g ∈ G, equivalently St M (m) is infinite. It proves (1) and (2). To prove (3) we remark that there exists at most | St M (m)| elements ϕ ∈ M, such that ℓ n = ϕℓ m . Since the G-orbits of ℓ n and ℓ m contain ≤ |G| elements, the statement follows.
5.2.2.
Finiteness statements for Harish-Chandra modules. Denote by r(m, n) the minimal number of generators of U(S(m, n)) as a right Γ-module.
(2) Let M be a cyclic U-module generated by a Γ-eigenvector v ∈ M(m), m ∈ Specm Γ. Them there exists an integer C such that for every n ∈ supp M holds n C M(n) = 0.
Proof. The first equality in (1) follows from Lemma 3.3. To prove the second equality consider some u ∈ U. Then by the Chinese remainder theorem there exists γ ∈ Γ such that γux = π n (ux) and we change u to γu. Let k = 2t, where n t ux = 0. Then from Lemma 5.2, ux = u k x, where u k ∈ U(S). To prove (2) consider an element u ∈ U. For any f ∈ m consider
Denote by I the ideal in Γ generated by all N S (f ), f ∈ m. Hence I ⊃ n C 1 . . . n C k for some C, where
and C does not depend on m.
Theorem 5.2. Let Γ be a normal finitely generated k-algebra, U a integral Galois order over Γ.
( (2) If in addition M is a group then for any n ∈ D To prove the next statement we need to present a composition in the category A in a convenient form. Suppose that the classes of sequences {u k ∈ U(S(l, m))} and {v l ∈ U(S(m, n))}, k, l ≥ 1 converge to the elements u ∈ A(l, m) and v ∈ A(m, n) respectively. Then choose any sequence {γ s }, s ≥ 1 such that γ s ∈ 1 + m s and γ s ∈ p s for any p ∈ X a (l), p = m. Then v l γ s u k converges to an element of A(l, n) when k, s, l → ∞, which is the composition vu. Clearly, this element does not depend on the choice of the sequences above. Proof. Then (as in Lemma 4.3) for every n ≥ 0 there exists a function f n ∈ Γ, such that f n ≡ 1(mod ℓ n n n ) and Proof. Corollary 5.3 holds for any ∆-equivalence class D in the case, when In any class D the central character is fixed and D = π(ℓ m + Z n(n−1)/2 ) for some m ∈ D. Then for n ∈ D and some fixed ℓ n there exists finitely many (bounded by (n − 1)! . . . 2!1!) s ∈ Z n(n−1)/2 such that ℓ m and ℓ m + s differ by the action of G.
Proof of Theorem B.
We will show that under some conditions for integral Galois orders there exists (up to isomorphism) finitely many simple Harish-Chandra modules extending a given character of Γ (hence we will prove Theorem B).
Let U be a integral Galois order U over Γ, m ∈ Specm Γ. Assume that Γ is finitely generated over k and St M (m) is finite. Then S(m, m) is finite by Lemma 5.3. Consider χ : Γ −→ k such that m = Ker χ. If Γ is not normal thenΓ is a finite Γ-module and χ admits finitely many extensions tõ Γ, by Corollary 2.2. Hence, it is enough to prove the statement in the casẽ Γ = Γ. But then Theorem 5.1 implies that Γ is big in m. By Lemma 3.2 there exists only finitely many non-isomorphic extensions of χ to simple Umodules, which completes the proof of Theorem B.
5.3. Harish-Chandra categories for integral Galois orders. In this subsection we study in details the category of Harish-Chandra modules over integral Galois order U over Γ. We assume that Γ is finitely generated normal k-algebra and Ω 2 and Ω r are as in 4.
Theorem 5.3.
(
Then X a ⊂ (π × π)(X(a)). In particular, if m, n ∈ Specm Γ and u ∈ U, then the image of u in A(m, n) is nonzero, only if u ∈ S(m, n).
(3) If m ∈ Ω r , then A(m, m) is a homomorphic image ofΓ m . In particular, there exists a unique up to isomorphism irreducible U-module M, extending the character χ : Γ −→ Γ/m.
(5) Let M be a group, m ∈ Ω r ∩ Ω 2 . Then for every n ∈ D(m), A(n, n) ≃Γ n , and all objects of A D are isomorphic.
Proof. The statement (1) follows from Lemma 5.2 and (9). To prove (2) note, that the Γ-bimodule ΓaΓ is a factor of Remark 5.2. In the assumption of Theorem 5.3, (2) a non-zero element u ∈ S(m, n) can turn zero in A(m, n).
5.4.
Proof of Theorem D. Theorem D stated in Introduction is an analogue of the Harish-Chandra theorem for the universal enveloping algebras ( [D] ). In particular it shows that the subcategories in U − mod, described in Corollary 5.5, contain enough modules. Suppose that conditions of Theorem D are satisfied. Consider the massive set Ω u constructed in Proposition 3.2 and set Ω ′ u = Ω u ∩ Ω 2 ∩ Ω r . Then for any m ∈ Ω ′ u the element u acts nontrivially on U/Um which is simple by Theorem 5.3. This completes the proof of Theorem D.
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